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We show how Special Relativity sets tight constraints on the form of possible relations that may 
exist between the four-momentum of a particle and the wave four-vector. More specifically, we 
demonstrate that there is just one way, according to Special Relativity, to relate the finite energy 
and momentum of a corpuscle with the characteristics of a plane wave, frequency, wave vector and 
amplitude: that is by laws of direct proportionality like de Broglie equation p = Tik and Planck- 
Einstein equation E = Tiuj. 

PACS numbers: 



I. INTRODUCTION 

In the autumn of 1924, the French physicist Louis de 
Broglie submitted to the judgement of Sorbonne Univer- 
sity in Paris one of the most famous PhD thesis in the 
history of physics pQ. His results, as he confessed sev- 
eral decades later, gathered the fruits of many solitary 
meditations on a conundrum of physics which had both- 
ered him for a long time: the dual wave and particle 
nature of light. His dissertation brought together vari- 
ous notes mainly published in the Comptes Rendus de 
the Academie des Sciences some months before, between 
1923 and 1924, [2]-[6j. De Broglie's supervisor was the 
renowned physicist Paul Langevin [7]. Langevin sent a 
copy of de Broglie's manuscript to his good friend Ein- 
stein. Einstein remained favourably impressed by the 
work, both for the courageous and innovative ideas con- 
tained in it and for the simple mathematics with which 
these were advanced. Einstein probably also appreciated 
the important use of Special Relativity in de Broglie's 
reasoning. 

The development of de Broglie's thought, even confin- 
ing ourselves to the PhD thesis, is rather complex, and 
not without contradictory points [8! . In this introduction 
we only recall some of its fundamental aspects, referring 
to the literature for the necessary details (see, e.g.: [9]- 

At the beginning of the 1920's de Broglie suggests that 
the quanta of light could be completely comparable to 
other known material particles. For instance, they had 
to share with those the property of having a rest mass 
different from zero, although very small [2]. Moreover, if 
the photons had to be put on the same conceptual frame- 
work of the other particles, it was natural to imagine that 
particles different from the photons could share with the 
light the strange dual nature of wave and corpuscle. 

Then the fundamental hypothesis of the French physi- 
cist was to consider true for all the particles, not only for 
the quanta of light, the Planck-Einstein law: 

E = hv, (1) 
where v is a frequency and h is the Planck constant. But 



what is the physical origin of the frequency in the Planck- 
Einstein formula? He will remember some years after, at 
the conference by him delivered on the occasion of his 
receiving the Nobel Prize [13] : 

When I started to ponder these difficulties two things struck 
me in the main. Firstly the light-quantum theory cannot be 
regarded as satisfactory since it defines the energy of a light 
corpuscle by the relation E = hu which contains a frequency 
v. Now a purely corpuscular theory does not contain any el- 
ement permitting the definition of a frequency. This reason 
alone renders it necessary in the case of light to introduce 
simultaneously the corpuscle concept and the concept of pe- 
riodicity. 

On the other hand the determination of the stable motions 
of the electrons in the atom involves whole numbers, and so 
far the only phenomena in which whole numbers were involved 
in physics were those of interference and of eigenvibrations. 
That suggested the idea to me that electrons themselves could 
not be represented as simple corpuscles either, but that a 
periodicity had also to be assigned to them too. 

De Broglie initially imagines that the source of the 
frequency is related with some periodic phenomenon in- 
side the particle 3J. Consider a particle with velocity v 
along the x axis in an inertial frame S. Assuming valid 
the combination of the Planck-Einstein equation for the 
photons and the relativistic energy of the particle, 



E = 



m c 



c 



(2) 



he writes that in the rest frame So of the particle there 
must be: 



hvQ = itiqc 



(3) 



where Vq is the frequency of the supposed inner vibra- 
tion. However, de Broglie is immediately forced to face 
a problem. Because of the relativistic time dilation, an 
observer, for whom the particle is moving with velocity 
v, ascribes to the inner vibration a lower frequency vf. 



Vi = Vq 



(4) 
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However, comparing with j2|: 



u p /V, from ( 10 ) we have the formula that made de Broglie 
famous: 



hv 



(5) 



and considering the condition ([3]), we easily obtain the 
relativistic formula of transformation between frequen- 
cies 



v = Vq 



(6) 



which is typically linked with a wave phenomenon: v is 
the frequency of a wave in 5, while i>o is now the fre- 
quency of such a wave in the frame Sq. 

In order to resolve this difficulty, de Broglie assumes 
the existence of a 'fictitious' wave associated with the 
particle [3J, with frequency v and phase velocity 



v p = ->c, 



(7) 



that is 



v ■ v p = c 2 . (8) 

(The wave is fictitious because, according to the French 
physicist, being its speed greater than the speed of light, 
it cannot transport energy). In order to justify the as- 
sumption in equation ([7 1, he shows that if the periodic 
inner phenomenon and the external wave with phase ve- 
locity Q are in phase at a given time, they will be always 
in phase; i.e. the particle moves within the wave main- 
taining its inner vibration in phase with the wave. De 
Broglie called that 'law of the harmony of phases'. 

His result, according to de Broglie, suggests that 'any 
moving body could be accompanied by a wave, and it 
is impossible to disjoin the motion of the body from the 
wave propagation' Therefore, he assumes that v is 
the frequency of a plane wave which accompanies the 
particle, and that this frequency is the same which is in 
the Planck-Einstein equation. 

Let us recall the relativistic momentum of the particle: 



m v 



(9) 



By comparing Q with ^ and assuming that this holds 
in any frame, we may write the momentum in terms of 
the wave frequency: 



P 



(10) 



But from Q we know that v — c 2 /v p , and remembering 
that for a monochromatic wave the wavelength is A = 



p = h/X. 



(11) 



Equation (111 connects the module of the momentum p of 



a particle with the wavelength A of the associated plane 
wave through the Planck constant h. (For historical pre- 
cision, we have to say that de Broglie expressly writes 
(111 only in the last chapter of his Ph.D. thesis, in the 



form A = h/p. In all his preceding works, the treatment 
of the Bohr atom included, he always reasons in terms of 
frequency) . 

In his second memoir on the Comptes Rendus [1] de 
Broglie suggests an experimental verification of his ideas. 
The wave is conceived as a kind of field that guides the 
behavior of the particle. The new dynamics of particles, 
which he plans to develop, would be to the old classic 
dynamics as the wave optics is to the geometric optics. 
According to the author: 

The new principle of dynamics would explain the diffrac- 
tion of light atoms (the photons), no matter how small their 
number. Moreover, any body in certain cases would be sub- 
ject to diffraction. A stream of electrons through an opening 
sufficiently small would show some phenomena of diffraction. 
It is in this direction that we must look for experimental con- 
firmation of our ideas. 

De Broglie's prediction on the wave nature of the elec- 
tron, the reason for his Nobel Prize, will be confirmed a 
few years later in the experiments of Davisson, Germer 
[H] and Thomson [TS] on the diffraction of electrons by 
crystals [16]. 

Today just a few introductory textbooks to quantum 
theory describe the original way of de Broglie's thinking. 
Some books contain simplified versions [17] , [18] ; most of 
them simply cite equation ( 11 ) as a postulate, and its ap- 



plication in the deduction of the energy quantization in 
Bohr's atom model [IS], [2U]. Perhaps, from the present 
perspective, many of de Broglie's initial suppositions ap- 
pear strange (but see |21|h However, rejecting entirely 
the reasoning of the French physicist, and ignoring com- 
pletely the history of his formula, means also missing the 
relativistic argument, which underlines from the begin- 
ning how quantum mechanics is related to Special Rel- 
ativity (without having to wait for the Dirac equation, 
with his description of spin and prediction of antimatter) . 
This is a pity, as the power to unify different descriptions 
of the phenomena is one of the more interesting sides of 
the physics. 

In the next section we report an alternative deduction 
of the de Broglie relation obtained directly from Lorentz 
transformations and Planck-Einstein equation. In Sec- 
tion 3, following de Broglie, Ashby, Miller [52] and Reed 
[23) . we show how Special Relativity puts constraints on 
the possible formulas that may connect energy and mo- 
mentum of a particle with the wavelength, the frequency 
and the wave amplitude. 
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We demonstrate in general that equations like de 
Broglie's and Planck-Einstein's are both the only rela- 
tions allowed by Special Relativity, once we assume the 
existence of a dependency between the four-momentum 
of a particle and the wave four-vector of a plane wave 
and that the particle cannot be separated by its wave. 

II. DE BROGLIE RELATION FROM SPECIAL 
RELATIVITY AND PLANCK-EINSTEIN 
RELATION 

For particles without rest mass (mo = 0) such as pho- 
tons, deducing the de Broglie relation from the Planck- 
Einstein equation is straightforward. In fact, following 
Einstein [25] . it is enough to consider the relativistic 
equation between momentum and energy: 




FIG. 1: Given a plane wave with wave vector k, we choose 
our inertial frame 5* with the x-axis coinciding with the di- 
rection of the wave vector, so that k = (k x ,0,0). The figure 
schematically shows some fronts of the plane wave. S' is the 
inertial frame travelling with velocity V in comparison with 
S. 



p = E/c. 



(12) 



Putting E = hv in ( 12 ) and recalling that A = c/v, we 
quickly obtain ( 11 ). 

An elegant way to derive the de Broglie relation, for 
any massive or massless particle, can be achieved using 
directly Lorentz transformations |26j . We put forward 
the following assumptions: 

Postulate l.a: Each particle is associated with a wave 
phenomenon. 

Postulate 2. a: In every inertial frame the relation E — 
Tiuj holds, where E is the energy of the particle, uj = 2tti> 
is the frequency of the associated wave in that frame and 
h = h/2n is a relativistically invariant constant. 

We want to show that: 

Theorem a: According to Special Relativity and the 
postulates l.a-2.a, between the momentum and the wave 
vector there is necessarily the relation p = ?ik. 

Let S and S' be two inertial frames in relative mo- 
tion. According to Postulate 2. a, we assume that in both 
frames the Planck-Einstein relation applies to any parti- 
cle: 



E = Tiu. 



E' = TuJ . 



(13) 



We introduce, for the particle and the wave, the four- 
momentum p^ and the wave four- vector k^, respectively: 



p» = (E/c,p). 



fc" = (u;/c,k), (14) 



where the wave vector k has modulus k = 2ir/\. We 
assume, for simplicity, that the frames S and S' have 
parallel axes to each other and that at time t = t' = 
the origins O and O' of the spatial coordinates coincide. 
Moreover, we suppose S' to move with respect to S with 



speed V < c along the direction of the x axis, and the 
direction of the wave propagation to be along such axis 
(Fig. 1). 

The Lorentz transformations for the four-momentum 
and the wave four-vector are 



E'/c 


= l(E/c 


- Ppx) 


rcS/c 


= y(w/c 


-PK 


Px 


= l{Px - 


pE/c) 


K 


= l{k x - 


Pu/c 


Py 


= Py 




k' 


= ky 




v' z 


= Pz 




{ k' z 


— k z , 





where 



V 

c 



V 2 



we have 



E'/c ^-fiE/c-Ppx) 
lo'/c = 7(w/c - Pk x ) . 



(15) 



(16) 



(17) 



By multiplying the second of ( 17) for the Planck constant 
h: 



E'/c = 1 (E/c-p Px ) 
hcu'/c = j(7iu) I 'c — ptikx) . 



(18) 



Subtracting side by side the two equations (18): 



E'/c - hoj'/c = j(E/c - hu/c - Pp x + ptik x ) , (19) 



from which, because of ( 13 ) assumed at the beginning, 
we get 



jP(p x - hk x 



0. 



(20) 



If we exclude the trivial condition in which the relative 
velocity V of the frames is zero (in such case the factor 



4 



7/3 is also zero and the two systems S and S' coincide), 
equation ( 20 ) is only satisfied with 



We get from the previous relations and recalling the def- 
initions ( 16 1 of the factors and 7: 



Px 



(21) 



equivalent to the de Broglie equation for the x component 
of the momentum. 

We point out as the just given demonstration, with 
Postulate 2. a, holds for particles of any mass, while de 
Broglie's demonstration, starting from the relation ([9]), 
only holds for particles with nonzero rest mass. 



Equation (21) can be easily generalized to the other 
components of momentum and wave vector. In fact, con- 
sider a general orientation of the wave vector k with re- 
spect to the S frame (k y ^ 0,k z ^ 0). We may use in- 
ertial frames S' y and S' z that travel with velocities along 
y and z with respects to S. Applying the correspondent 
relations of (17) for S' and S' z with the pairs of com- 
ponents (E/c,p y ), (u/c,k y ) and (E/c,p z ), (uj/c,k z ) we 
have at once: 



Py 



Pz 



hk. 



(22) 



The presented deduction can be applied also to other 
pairs of four- vectors in order to show that, if a propor- 
tionality relation holds between two components of two 
four-vectors, then the proportionality must also hold for 
the other components. That is, given two generic four- 
vectors (ao,a x ) and (bo,b x ), if it is — Cbo, necessarily 
from Lorentz transformations it has to be a x = Cb x , and 
vice versa. 

Let us consider, as an example, the four-momentum 
j/ 1 = (E/c,p x ) and the four- velocity u M = (u , u x ), where 
uq = 7c and u x = jv x . Assuming a law of proportionality 
between p x and u x through an invariant mo with the 
dimension of a mass, p x = niou x , and arguing in a similar 
way as reported just above, we can show that E/c = 
rriQUo, equivalent to the famous Einstein formula E = 
mc , with m = 77710 . 



III. DE BROGLIE AND PLANCK-EINSTEIN 
RELATIONS TOGETHER FROM SPECIAL 
RELATIVITY 

As already remarked by Einstein in one of his funda- 
mental works of 1905, the energy of an electromagnetic 
radiation contained in a closed surface, and the frequency 
of the same radiation, change under Lorentz transforma- 
tions in the same way [37]. 

As pointed out by Ashby and Miller [25] , the energy of 
a massless particle and the frequency of an electromag- 
netic wave change under transformations in a similar way. 
Let's consider, in fact, once again (17). By placing in the 
first p x = E/c and in the second k x = u/c, we have 



E'/c 

LO'/C 



l{E/c- 
j(uj/c- 



■ PE/c) 
0u/c) 



E' 



' 1-0 
1 + 13' 



' 1-/3 
1 + /3 



(24) 



(23) 



According to Ashby and Miller the simultaneous valid- 
ity of ( p4| gives strong constraints on the possible forms 
that a relation between the energy of a photon and the 
frequency of a wave may have. In fact, these authors 
assume, ab absurdo, E = Cui n , where n is in general dif- 
ferent from 1 and C is an invariant constant. They show 
that the Planck-Einstein relation, which is obtained with 
n = 1, is the only kind of dependence between energy 
and frequency which is relativistically invariant. 

It would seem, from the developed reasoning in section 
2 and from the Ashby and Miller result, that, at least for 
the photons, both Planck-Einstein and de Broglie equa- 
tions may follow from Special Relativity. 

Then we wonder if a general constraint exists, which is 
valid for particles with any mass, for which the condition 
of relativistic invariance imposes the form of both Planck- 
Einstein and de Broglie relations. 

As a matter of fact, in a not well known work, Reed 
(1991) has shown that, if we identify the velocity of a 
massive particle with the group velocity of a wave packet, 
between the four-momentum of the particle and the mean 
of the wave four-vector there is a relation of proportion- 
ality [53]. So Reed has deduced together two relations 
which are similar to de Broglie's and Planck-Einstein's. 

However, his demonstration suffers from some defects. 
In particular, the fact that in quantum mechanics a wave 
packet is associated with a statistical ensemble of parti- 
cles which have a dispersion of the values of the momen- 
tum; while a particle with a well definite momentum does 
not correspond to a wave packet, but to a monochromatic 
wave function |24j . 

Here, we intend to show that even between the deter- 
minate four-momentum of a particle and the wave four- 
vector of a monochromatic wave there must be a condi- 
tion of direct proportionality. Our initial hypotheses will 
be more general in comparison with Reed's. Moreover, 
differently from Reed, we shall consider particles with 
and without inertial mass. 

We assume from experience that every particle is in 
relation with a wave |28j . We make no assumptions about 
the specific nature of this wave, (still a controversial issue 
after almost a century [33]) or on the type of differential 
equation it may have: the d'Alembert wave equation, 
or Schrodinger's, or Klein-Gordon's, or Dirac's, or more. 
We suppose only that a perturbation of an unclear kind, 
describable as a plane wave with definite wave number 
and frequency, is associated with a corpuscole and with 
the finite energy and the finite momentum of it. 

We recall that in classical mechanics a plane wave pos- 
sesses infinite total momentum and infinite total energy, 
and then we can only define for it a flux and a density of 
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momentum, or a flux and a density of energy [3U], so our 
assumption, that we may call 'quantistic' is in contrast 
with classical mechanics. 

We consider as previously, for sake of simplicity, a 
plane wave of angular frequency uj travelling with wave 
vector k along the x positive direction of an inertial frame 
S. All our results will be generalizable for k with generic 
direction with respect to S following the way sets out at 
the end of section 2. 



In S, k y 



fez 



and because of Lorentz transforma- 



tion ( 15 1 of the wave four- vector, the y and z components 



of k will be always zero also in any other inertial refer- 
ence S' . Therefore we will look for the expressions of 
E and p x only as functions of uj and k x . In fact, since 
we assume that no force acts on our system, the energy 
and the momentum depend neither from the spatial co- 
ordinate x nor from the time t. Let us denote with A a 
generic amplitude of the wave (without defining whether 
it is a scalar, a four- vector or other). We assume the 
following postulates: 

Postulate l.b: Each particle is associated with a wave 
and it is impossible to disjoin the motion of the particle 
from its wave. 

Postulate 2.b: The finite energy and momentum of 
a free particle are associated with the characteristics of 
a monochromatic plane wave, amplitude, frequency and 
wave vector: 



E = E{A, ui, k x ) , p x = p x (A,uj,k x ) . 
We intend to show: 



(25) 



Theorem b: The only functions (25) allowed by Special 



Relativity and by Postulates l.b-2.b, are the relations of 



proportionality E = 
rclativistic invariant. 



Cui and p x = Ck x , where C is a 



For the development of Theorem b we need the following 
Lemma: 

Lemma: In accordance with the adopted postulates, if in 
a frame So the momentum of the particle is zero, p x = 0, 
then in that same frame the wave vector must be zero as 
well, k x = 0, and vice versa. 

According to our postulates, if the particle is somehow 
connected to its wave, the momentum has to flow in the 
direction of the wave propagation (in conformity with 
what happens to waves in classical mechanics). 

In fact, consider an emitted particle by a source placed 
at the point A and absorbed by a detector at the point B: 
in such a situation there is a propagation and a transfer 
of momentum between the source and the detector. Now 
imagine the ideal monochromatic wave as the limit case 
of a wave train with a broad but finite length, by letting 
its length to grow to infinity, and consequently increasing 
the distance between points A and B. If the momentum 
is linked with the particle, the particle with the wave, and 



the wave train must be emitted with the particle, then 
the detected momentum must propagate in the direction 
of propagation of the wave train, from A to B: if k x > 
there is even p x > 0, if k x < we have p x < 0, and vice 
versa: 



Px > 



k x >0, 



Px < 



k x < 0. 



(26) 



We require that such a condition holds in every inertial 
system S. Let So be the frame in which the momentum 
of the particle is zero (po x — 0). Lorentz transforma- 
tions between the two inertial frames S and So for the 
components of the momentum and the wave vector are: 



Px 



7 . 



v x E 



k x = 7 ' ( k Qx + 



c c ' 



(27) 



where now we have represented in explicit form the de- 
pendence of f3 on the v x velocity of So, coincident with 
the rest frame of the particle (hence v x is also the ve- 
locity of the particle with respect to S) . The sign of p x 
only depends on the sign of v x (7 = 7(w x ) > 0). There- 
fore the condition ( 26 ) is satisfied if, and only if, in So is 
kox = 0. It is easy to understand from (261 and Lorentz 



transformations that, in general, there must be: 



POx 







kox 



0. 



(28) 



So, assuming that the momentum (i.e., the velocity of the 
particle) is always in the direction of the wave propaga- 
tion, it is equivalent to assuming the existence of a frame 
in which momentum and wave vector are both zero: the 
frame where the classical particle is at rest is also the 
frame where the wave is stationary, (a special kind of 
stationary wave, with wavelength infinite). 

Let us look for the velocity of the frame where the wave 
is stationary in function of u) and k x . Putting k^ )x = 
into the inverse of the second transformation in ( 27 ) , 



7 ' {he 



c c ' 



), 



we get immediately: 



c c 



(29) 



(30) 



Remembering that the phase velocity is defined as v p = 
oj/k x , from (30) we have 



(31) 



Equation (31) is exactly equivalent to fel), postulated by 



de Broglie in order to obtain the harmony of phases be- 
tween the periodic inner phenomenon and the external 



G 



wave. From equation (31 ), being the velocity of the par- 



ticle v x < c, we see that the phase velocity of the associ- 
ated wave has to be v p > c, (where the sign of equality 
applies only to massless particles.). 



Therefore C does not explicitly depend on the amplitude, 
but may depend on the inertial mass of the particle and 
the invariant ujq, the frequency in the frame where the 
wave is stationary. In general: 



Coming back to Theorem b, we consider the two in- 
variants square moduli of the four-momentum and the 
wave four-vector: 



E 2 /c 2 



P, 



u 2 /c 2 -kl= cu 2 /c 2 , (32) 



where tooc 2 and ujq are, respectively, the energy Eq and 
the frequency in the frames where the momentum and 
the wave vector are zero. We study the four different 
possible cases: 



Case 1: too ^ , luq ^ 0. 

We have, from Lorentz transformations between S and 
Sq for the four- vectors p^ and fc M : 



E/c = j(E /c + /3p 0x ) 
u/c = ~/(uj Q /c + /3k 0x ) 



Vx = l(pox + PEo/c) 
k x = -y{k 0x + Pu /c) . 

. (33) 

Now, according to the Lemma, we assume that in the 
frame Sq is p 0x = and k 0x = 0: 



E 



7W 



Vx 



jf3uj /c. 



(34) 



we get, from (34), dividing side by side the two equations: 



E = Eo 



Vx 
k.r 



Eo 

U} 



(35) 



So, being the inertial frame S arbitrary, from the first of 
( |35[ ) we deduce that the ratio E/u> has to be an invariant. 
Then we can introduce the invariant C: 



Eo 

UJ 



= C, 



(36) 



where C is for the initial hypotheses finite, positive and 
constant with respect to the space-time coordinates (t, x). 
By confronting ( 36 ) with ( 35 ) , we directly have: 



E = Cu. 



Vx — Ck x 



(37) 



Identifying C with the Planck constant, we can recog- 
nize in ( 37 1 , respectively, the Planck-Einstein and the de 



Broglie relations. 



From the definition of C in ( 36 1 , we see that 



C 



moc 

U) 



(38) 



C = C(m ,u; ) . 



(39) 



However, if we require, according the Postulate 2.b and 
the first of equations ( 35 ) , that in the limit mo — > the 



invariant C is finite and different from zero, from (38) it 
must necessarily be also ojq — > (we will analyze the case 
rno = and uio = below). This claim implies the exis- 
tence of a dependence between luo and too, ujo — wo(mo). 
So, in this circumstance, C can only depend on the mass, 
C = C(too), and the invariant is constant for that parti- 
cle. That is equivalent to assuming the inertial mass is 
the only invariant which plays a role in the problem. 

Finally, if we demand that C is independent of the 
mass, such as the Planck constant seems to be experi- 



mentally [31] , we deduce easily from ( 38 1 that must be 
TO = C'ujq, where C = C/c 2 is an identical constant 
for every particle. Then the inertial mass is proportional 
to the frequency of a periodic phenomenon, as initially 
supposed by de Broglie. 



Case 2: toq 7^ . 



uj = 0. 



Now, in Sq, we have k 0x = and uiq = 0. So, from 
Lorentz transformations ( 33 1 , if 7 was finite in every 
generic frame S there would be k x = and lo x — 0, a 
situation physically impossible for a wave. 

A way out is represented by allowing the factor 7 to be 
infinite. But this happens only for v x = c, and in such 
a situation the frame So and the particle travel at the 
speed of light. In order to avoid the infinite energy of the 
particle we should assume to = 0, in contradiction with 
the conditions of Case 2. 



Case 3: Too = . 



coo^O. 



In this case, since Eo = tooc 2 , in So we have Eo = and 
Vox = 0. Then, from Lorentz transformations (33), for 



7 finite the energy of the particle would be zero in any 
frame; but this is a situation devoid of physical meaning 
as well. To preserve finite E we should assign to 7 an 
infinite value considering, like the previous case, v x — c, 
the particle in motion at the speed of light. However, 
in order to maintain finite the wave vector k x , in such 
a circumstance it would be also necessary wo = 0, in 
contradiction with the conditions of Case 3. 



Case 4 : m a = , u>o = 0. 

Let us consider Lorentz transformations between two in- 
ertial frames S and S' for the components of the four- 
momentum and the wave four-vector: 



7 



E/c = 1 {E'/c + p P ' x ) 
lj/c = 1 (u J '/c + (3k' x ) 



If we put Too = and cjq 



p x = 1 (p' x + pE'/c) 

140) 

into the invariants (32 1, 



and we consider in accordance with the Lemma, that p x 
and k x must have the same sign, we have [32] : 



E' 

c 



k> = « 



(41) 



Inserting (41) into (40): 



E/c = 1 {l + P)E'/c 
w/c = 7(1 + /3)ui'/c 



= j(l + p)E'/c 
= 7 (l + /3V/c, 



we obtain, dividing side by side: 
E = E^ 

lj uj' k x 



E' 



(42) 



(43) 



Being primed and non-primed arbitrary inertial frames, 
from the first of (43), we deduce that the ratio E' /a/ has 
to be an invariant. As above, we define the invariant 



the wave four- vector k* 1 can be related just in one way, 
by a rule of direct proportionality: 

(E/c,p) = C(cj/c,k), 

where C is an invariant under Lorentz transformations. 

Therefore, we have deduced de Broglie and Planck- 
Einstein relations for plane waves from more general as- 
sumptions than those used by other autors. Dc Broglie 
and the others use the following hypotheses: 

1) The rest energy of a particle tooc 2 is proportional to 
a wave frequency vq\ 

where h is an invariant constant. 

2) The relationship between phase velocity v p and parti- 
cle velocity v x is 



E[ 



c, 



(44) 



and following the reasoning of Case 1, we get again from 
43) the Planck-Einstein and the de Broglie equations 
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Summing up, the physically meaningful cases are Case 1 
and Case 4- Case 1 corresponds to particles with inertial 
mass and waves with ujq ^ 0. This is the situation which 
is verified for fields with massive quanta. Case 4 cor- 
responds instead to particles without inertial mass like 
photons, where the associated waves have ujq = 0, like 
the electromagnetic waves. 



IV. CONCLUSIONS 

We have shown that, once we assume the existence of 
a wave phenomenon with finite energy and momentum 
as a classical particle, and that the momentum fluxes 
along the same direction of wave propagation, from Spe- 
cial Relativity follows that the four-momentum p^ and 



2') The frame in which the particle is at rest is the same 
frame in which the wave vector k x = 0. 

Assumptions 2) and 2') are equivalent and de Broglie 
himself shows it in his PhD thesis. We have shown 
that, in order to deduce the proportionality between four- 
momentum and wave four-vector, assumption 1) is not a 
necessary starting point. Moreover, 2) and 2') can be 
replaced by another assumption: 

2"') The momentum always flows in the same direction 
of the wave propagation. 

The fact that the particle is at rest in frame where k x = 
is a situation rather arbitrary, which de Broglie justi- 
fies with his phase harmony theorem. But as we have 
shown in our work, it follows from Relativity itself, when 
we make the quite natural and classical assumption that 
wave and momentum travel in same direction. This can 
be deduced by the Postulate l.b which connects the par- 
ticle with a travelling wave, if we consider the plane wave 
as limit case of a wave train with a broad finite length. 
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